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Preface 
These l e c t u r e s  were g iven  as p a r t  of a seminar cour se  i n  
T h e o r e t i c a l  Chemistry i n  Apr i l ,  1965. They were designed t o  
make quantum electrodynamics appear as much l i k e  t h e  f a m i l i a r  
p r e s e n t a t i o n s  of t h e  n o n - r e l a t i v i s t i c  quantum mechanics of  
p a r t i c l e s ,  a3 p o s s i b l e ,  For t h i s  r e a s o n  the  techniques  are v e r y  
much "pre-war" - t h e r e  a r e  no propagators ,  no Feynman diagrams 
and no temporal  o r  l o n g i t u d i n a l  photons.  Also t h e r e  are almost  
no posi t rons. ,  
I wish t o  thank my col leagues ,  e s p e c i a l l y  P ro f .  J. 0. 
H i r s c h f e l d e r  and P ro f .  W .  Byers Brown, f o r  t h e i r  e n t h u s i a s t i c  
and h e l p f u l  comments on t h e s e  l e c t u r e s ,  
- - - - -  
* This  r e s e a r c h  w a s  supported by t h e  fo l lowing  g r a n t :  




\lo] An important  p o i n t  t o  keep f i r m l y  i n  mind du r ing  t h e s e  
. 
l e c t u r e s  i s  t h a t  i n  quantum electrodynamics,  Maxwell's equa t ions  
do not p l a y  a r o l e  similar t o  t h a t  of Schrodinger 's  equat ion.  
19 
Rather they are analogous t o  Newton's equa t ions .  and & are - 
n o t  s imilar  t o  $ , r a t h e r  they are similar t o  x and p ; 
t hey  a r e  t h e  which c h a r a c t e r i z e  the electro- 
magnetic f i e l d .  J u s t  as x, and E become O P W ~ ~ O K S  i n  quantum 
mechanics, SL) dt) and 2 J u s t  as Newton's equa t ions  of 
I - -
rnotiori remain v a l i d  as cpe ra to r  equat ions i n  quantum mechanics, 
s o  do  Maxwell's equat ions.  
L2.1 I n  any f i e l d  theory we have an  i n f i n i t e  number of dynamical 
v a r i a b l e s  - t h e  va lue  a t  a given t i m e ,  of t he  f i e l d  q u a n t i t i e s  
a t  each p o i n t  i n  space.  I n  order no t  t o  obscure the b a s i c  i d e a s  
w i t h  t h e  complicat ions of a vector  f i e l d  i n  t h r e e  space dimensions, 
l e t  us consider  t h e  s imples t  s o r t  of a f i e l d  - t h a t  which d e s c r i b e s  
the small v i b r a t i o n s  o,f a s t r i n g .  What w e  w i l l  show i s  t h a t  t h e  
s t r i n g  can be regarded as a c o l l e c t i o n  of harmonic o s c i l l a t o r s .  
To "quantize t h e  s t r ing ' '  we w i l l  t hen  simply quan t i ze  the  
o s c i 1 l a  t or s . 
23.1 Let us denote the displacement of t h e  s t r i n g  from e q u i l i b r i u m  
by $(x, t )  Then $ s a t i s f i e s  t h e  one-dimensional wave equa t ion  
2 
(we assume for s i m p l i c i t y  t h a t  t he  s t r i n g  has a uniform mass per 
u n i t  l eng th  9 and is under a uniform t ens ion  T )  
where c , the v e l o c i t y  of waves on the  s t r i n g ,  i s  given by 
1 =- $ - 
T 2 C 
Note t h a t  we have no d i s p e r s i o n ,  i n  exac t  analogy wi th  t h e  
propagat ion  o f  e lec t romagnet ic  waves i n  f r e e  space .  
14.1 Associated wi th  the  motion of t he  s t r i n g  i s  an energy H 
given by 
the  f i r s t  term i n  the  in tegrand  c l e a r l y  being t h e  k i n e t i c  energy 
per  u n i t  length and t h e  second t e r m  the p o t e n t i a l  energy. 
\501 The motion of t h e  s t r i n g  a l s o  produces momentum which 
propagates  a long  the  s t r i n g .  To i n f e r  a formula for  i t ,  l e t  us 
w r i t e  eqn. ( 3 )  as 
H = J h d x  , 
3 
. 
Then w e  have (whac we want t o  do i s  d e r i v e  a n  analogue of 
Poynt ing  ' s theorem i n  e lectronnagne ti  sm> 
which, u s ing  (I) and ( 2 )  becomes 
o r  
which i s  j u s t  t h e  d e s i r e d  analogue of Poyri t ing 's  theorem wi th  
t h e  q u a n t i t y  
p l a y i n g  t h e  r o l e  of  Poynt ing ' s  vec tor  and g iv ing  t h e  energy f lux .  
We now argue by analogy t h a t ,  j u s t  as i n  e l ec t romagne t i c  theory  
where t h e  Poynt ing vec to r  divided by c a lso  y i e l d s  t h e  mQmentum 
d e n s i t y ,  s o  here .  Thus we i n f e r  tha t  t h e  "wave momentum" i s  
2 
4 
16.1 The general  motion of a s t r i n g  can  be q u i t e  complex and depends 
on t h e  i n i t i a l  cond i t ions .  However, t h e r e  are c e r t a i n  e s p e c i a l l y  
simple forms of o s c i l l a t i o n  - t h e  normal modes of o s c i l l a t i o n  - 
wherein a l l  p a r t s  af t he  s t r i n g  move i n  a simple harmonic f a s h i o p  
w i t h  the  same frequency. It i s  t r i v i a l  t o  v e r i f y  t h a t  a s u p e r p o s i t i o n  
of plane waves, one going t o  t h e  r i g h t ,  t h e  o the r  t o  the  l e f t  
i (kx- Tt) + S;: -i(kx-Qkt) 
e 
wi th  pk cons tan t  and 
- i s  a ( r e a l )  normal mode 
p a r t s  o€ the s t r i n g  are 
2 
= c  
(5) 
of o s c i l l a t i o n .  That i s  (i) c l e a r l y  a l l  
o s c i l l a t i n g  w i t h  frequency Wk , and ( i i )  
t h i s  expres s ion  a s o l u t i o n  of eqn. (1)  under the  c o n d i t i o n s  
i n d i c a t e d .  
t 7 . 1  A remark on n o t a t i o n :  I n  what fol lows Wk w i l l  always be 
taken t o  be a p o s i t i v e  number whereas k may have e i t h e r  s i g n .  
This  c l e a r l y  invo'lves no loss of g e n e r a l i t y .  
. 
L8.1 So f a r  w e  have no t  mentioned how long our s t r i n g  i s  nor have 
we discussed boundary c o n d i t i o n s .  To have an  analogue t o  e l e c t r o -  
magnetic waves i n  space it would appear t h a t  we should d e a l  w i t h  a 
. 
5 
s t r i n g  o f  i n f i n i t e  'lengch. However, i t  proves convepient  t o  cons ider  
a f i n i t e  l eng th  L and then  go t o  t h e  l i m i t  L =: 00 A s  t o  bolrpdary 
cond i t ions ,  t he  s imples t  ones t o  eriploy are  the  so -ca l l ed  p e r i o d i c  
boundary cond i t ions  which r e q u i r e ,  i f  w e  assume our s t r i n g  t o  
s t r e t c h  from -L/2 t o  L /2  t h a t  
. 
Applied t o  (5) t h i s  imp l i e s  t h a t  
kL = 21/fi , .Ip-; 0, 51, 2 2  , D e e  
which, i n  tu rn ,  i n s u r e s  the  o r thogona l i ty  of t h e  normal modes: 
( 7 )  
Other choices  of boundary cocd i t ions ,  l o r  example, t h a t  t h e  
s t r i n g  be f ixed  a r  the  t w c  ends, i.e, 
imply r e s t r i c t i o n s  on k 
d e a l  w i th .  I n  acy case one can argue t h a t  i n  t h e  l i m i t  L +- 
which i s  t h e  case  of r e a l  h t e r e s t  t o  usg t h e  exact n a t u r e  of t h e  
pk and are more cumbersome t o  
6 
boundary cond i t ions  should be unimportant.  
t 9 . l  The gene ra l  motion of t he  s t r i n g  can be w r i t t e n  as 
i (kx- wkt ) - i (kx -  CC, k )  t )  
$ ( x > t )  1 ( P k  e 
ic 
where t h e  
v i a  F o u r i e r ' s  theorem ( r e c a l l  eqn. ( 7 )  and (8 ) ) .  
and p t  may be determined from @(xJO) and 
x, 0 
110.1 Let us now in t roduce  the  dynamical v a r i a b l e s  ( i . e .  they a r e  
-ic3kt and w r i t e  = P k  e bk time dependent) 
Then w e  s ee  t h a t  the i n f i n i t e  and t r i v i a l  s e t  of d i f f e r e n t i a l  
equa t ions  
a r e  e x a c t l y  e q u i v a l e n t  t o  eqn. (1) - t he  normal coord ina te s  bk 
give a dynamical d e s c r i p t i o n  e q u i v a l e n t  t o  t h a t  provided by t h e  
f i e l d .  Further  from our p o i n t  of view, t h e  i n t r o d u c t i o n  of t h e  
a s  dynamical v a r i a b l e s  r a t h e r  than t h e  f i e l d  will be e s p e c i a l l y  




( a )  t hey  form a d i s c r e t e  (though i n f i n i t e )  se t ,  m5re l i k e  5 
and g and 
(b)  because t h e i r  equa t ions  of motion, t h e  o rd ina ry  d i f f e r e n t i a l  
equa t ions  ( 9 ) ,  begin t o  seem more l i k e  Newton's equa t ions  which we 
know how t o  quan t i ze ,  than t h e  p a r t i a l  d i f f e r e n t i a l  equa t ion  ( I ) .  
111.3 However, i n  c l a s s i c a l  mechanics one i s  not  used t o  d e a l i n g  
w i t h  complex dynamical v a r i a b l e s  and t h e  r e l a c i o n  of ( 9 )  t o  a 
Newtonian equa t iqn  i s  c e r t a i n l y  not c l e a r .  Evident ly ,  however, (9 )  
i s  d e s c r i b i n g  a simple harmonic o s c i l l a t i o n  and indeed, i n  the 
quantum mechanical t reatment  of the lmarnanic o s c i l l a t o r ,  i t  
proved convenient t o  in t roduce  conplex v a r i a b l e s  Namely, l e t  us 
d e f i n e  (we a r e  d i s c u s s i n g  an  harmonic o s c i l l a c o r  mow) 
b 9 (rn a x  4- ip> 
Then from t h e  d e f i n i t i o n  of  momentum 
and Newton's equat ion 
8 
one r e a d i l y  f i n d s  t h a t  
j u s t  of t h e  form (9) ,  
s t r i n g  bv a s e t  o f  dynxmical -I__. varfahles - which f ~ r m a 1 1 - y  behave l i k e  a 
s e t  of harmonic o s c i l l a t o r s .  
Thus w e  have shown t h a t  we can d e s c r i b e  t h e  
t12.1 So far a l l  t h i s  has been c l a s s i c a l .  To prepare fo r  t he  
i n t r o d u c t f o n  of quantum mechanics i t  i s  ccnvenient  t o  r e d e f i n e  our 
dynamical va r i ab le ;  a b i t ,  For t h e  f i e l d  we will. w r i t e  
and f o r  our harmonic o s c i l l a t o r  w e  w r i t e  
a and a of course,  s t i l l  s a t i s f y  equacions of t he  form (9)  and 
( l o )  r e s p e c t i v e l y  .. 
k 
Fur the r ,  for  t he  harmonic o s c i l l a t o r ,  we s e e  immediately t h a t  
.k 
t h e  energy expressed i n  terms of t h e  a and a becomes 
2 2  .k dk 
m W x  = . f i a ( a a  + a a )  1 
2 
H =  + -  
2m 2 i 
where, i n  p repa ra t ion  f o r  t h e  in t roduc . t i on  of quantum mechanics, we 
have been c a r e f u l  about t he  o rde r  of f a c t o r s .  
. 
9 
We w i l l  now show t h a t  thanks t o  our choice of c o n s t a x t s  i n  t h e  
t h e  energy and momentum of the s t r i n g  t a k e  the  ak ' d e f i n i t i o n  of 
form 
k 
The calcuEat,i,on i.nvolves simply s u b s t i t u t i n g  
and 
i n t o  (3 )  and ( 4 )  and ca r ry ing  o u t  t h e  i n t e g r a t i o n s  u s i n g  (8). 
Let  is i l l u s t r a t e  by c a l c u l a t i n g  
(13) and (14) by changing the v a r i a b l e  of summation i n  the 
H ~r i s  convenient t o  r e w r i t e  
9% a 




Then s h c e  
k 
(3  becomes, u s ing  (8) 
k 
( 2 )  and (6), t h i s  becomes 
- pda 
k -k -k which i s  e x a c t l y  eqn, (11) when one no te s  t h a t  
* k 
h w k a k a k  . The c a l c u l a t i o n  of 8 i s  similar.  1 
Note t h a t ,  as must  be the c a s e g  H and 6 a r e  independent 
* *  
of time, k -k k -k or a a having a l l  time dependent terms l i k e  a if 
. 
c a n c e l l e d  out 
11 
1133 We a r e  now ready tc int roduce guan_t_urtn.anics,, Consider 
aga in  t h e  harmonic o ~ c i l k a t o r ,  The s tandard  r u l e  
immediate l y  i.mp l i e s  
* 
w i t h  a now i d e n t i f i e d  a s  t he  Hermitian coniupate  of a e "Newton's'' 
equations of  motion, 
* 
i u a  - =  da"' 
d t  - - i m a  
da - -  
d t  
' a s  an opera tor  equa t ion  then  follows frorr; t h e  s tandard  quantum 
mechanical formula fo r  a time d e r i v a t i v e :  
w i t h  F r ep laced  success ive ly  by a and a", 
This  sugges ts  t h a t  for  t h e  s t r i n g  we s i m i l a r l y  in t roduce  the  
commutation r e l a t i o n s :  
where we have assumed t h a t  dynamical v a r i a b l e s  a s s o c i a t e d  w i t h  
d i f f e r e n t  normal coord ina te s  commute, much as one assumes t h a t  
v a r i a b l e s  r e f e r r i n g  t o  d i f f e r e n t  p a r t i c l e s  commute e 
These assumptions are then  ( p a r t i a l l y )  j u s t i f i e d  by n o t i n g  
t h a t  t h e  ' ' f ie ld  equat ions"  
then  fol low d i r e c t l y  as sper a t o r  equat ions from 
114.1 What a r e  the e igenva lues ,  E and P of H and 8 '? For 
a* t h e  harmonic o s c i l f a t a r  we s e e  t h a t  s i n c e  aa* .= a a t 1  we can 
write 
1 and s i n c e  the eigenvalues  are w e l l  known t o  be 
we i n f e r  t h a t  t he  eigenvalues  of 
a a ie the  number ope ra to r .  Then, by analogy, t h e  energy and 
momentum eigenvalues for  t h e  s t r i n g  are 
E n 
are t h e  i n t e g e r s  - 
= h w (n f 
a* a 
* 





i . e .  w e  have quanta! - bu t  t h a t ' s  about all. That is ,  i t  should 
be emphasized t h a t  t he  upshot of a l l  t h i s  d i s c u s s i o n  has  been 
r a t h e r  t r i v i a l :  Each normal mode of the "free" s t r i n g  i s  
' c h a r a c t e r i z e d  by i t s  wave number k . In each mode w e  can have an  
a r b i t r a r y  number of quanta (Bose-Einstein s t a t i s t i c s )  each having 
energy wk and momentum ilk . 
115.3 The ground s ta te  or "vacuum" i s  t h a t  s t a t e  w i t h  a l l  N k  = 0 . 
For t h i s  s t a t e  E = 1 *L"k is  i n f i n i t e .  On t h e  o the r  hand, 
A 
L k from symmetry, (we have as many p o s i t i v e  k ' s  as n e g a t i v e )  t h e  
momentum of t h i s  s t a t e ,  P = 1% if k = 0 and t h e  k% 
k k 
t e r m  may be omitted from (19) .  
The presence of t he  i n f i n i t e  "zero p o i n t  energy" i n  (18) i s  
a b i t  d i s t u r b i n g .  One may argue i t  away by say ing  t h a t  anyway 
only energy d i f f e r e n c e s  a r e  important.  
t h a t  c l a s s i c a l l y  w e  could anyway have replaced a a +aka; by 
2akak . However, what cannot be t a lked  away i s  t h e  n o n - t r i v i a l  
c h a r a c t e r  of t h e  ground s ta te  - t h a t  t h e r e  are q u a n t i t i e s  such as 
a a* 
k k  
t o  t h e  harmonic o s c i l l a t . o r ,  t he  n o n - t r i v i a l  c h a r a c t e r  i s  r evea led  
A l t e r n a t i v e l y  one may say  
* 
k k  
* 
which have non-zero expec ta t ion  va lues  i n  t h e  vacuum (appl ied 
as t h e  f i n i t e  ex tens ion  of both t h e  coord ina te  and momentum wave 
f u n c t i o n s  - t he  p a r t i c l e  doesn ' t  j u s t  s i t  a t  t he  bottom of t h e  w e l l ) .  
14 
This  i s  a t r u e  and observable  quantum mechanical e f f e c t .  The vacuum, 
so  t o  speak, has p r o p e r t i e s !  
116.1 A s  we have mentioned, our r e s u l t s  t o  t h i s  p o i n t  are e s s e n t i a l l y  
t r i v i a l .  Things become i n t e r e s t i n g  when one in t roduces  i n t e r a c t i o n s  
( p e r t u r b a t i o n s ) .  
elements of our dynamical v a r t a b l e s  between the energy e i g e n s t a t e s  
of the f r e e  f i e l d .  Happily these  a r e  q u i t e  simple fo r  harmonic 
I n  d e a l i n g  wi th  i n t e r a c t i o n s  we w i l l  need matrirc 
o s c i l l a t o r s  and a l l  c a l c u l a t i o n s  may be done without  e x p l i c i t l y  
in t roduc ing  wave - f u n c t i o n s  for  t h e  f i e l d .  
would be i n f i n i t e  products  of harmonic o s c i l l a t o r  wave func t ions ,  
one f o r  each mode, which a r e  func t ions  of x AC ak + ak). 
(such wave func t ions  
* 
k 
Let us f i r s t  deal w i t h  the harmonic o s c i l l a t o r ,  t he  g e n e r a l i z a t i o n  
t o  the  s t r i n g  being immediate. Consider t h e  n t h  e x c i t e d  e igen -  
s t a t e  J r n  . For t h i s  s t a t e  a a qn = n qn 
s t a t e  a$n . I f  w e  l e t  a a act  on t h i s  s ta te  we have 
. Consider now the  * 
* 
* = [a*a,a 1 \~r + aa * aqn 
n 
- a J I n  + n 
= (n-1) a qn 
. More ' n-1 whence we i n f e r  t h a t  a qn i s  p r o p o r t i o n a l  t o  
d e t a i l e d  d i scuss ion  shows t h a t  i n  f a c t  
15 
(20) 
I n  a similar way one shows t h a t  
For t h e  harmonic o s c i l l a t o r  then a i s  a lowerinp ope ra to r ,  
and a* i s  a r a i s i n g  ope ra to r .  In  f i e l d  theory,  by analogy, 
a i s  b e s t  descr ibed as a d e s t r u c t i o n  ope ra to r  and k 
* 
ak as a c r e a t i o n  ope ra to r .  Applied t o  a s t a t e  w i t h  Nk quanta 
k i n  mode k , and a r b i t r a r y  numbers of quanta ir! other  modes, a 
t imes the  s t a t e  w i t h  one l e s s  qqantum i n  t h e  produces 
k t h  mode, t h e  number of quanta i n  o t h e r  modes remaining unchanged. 
4 . 1  t i m e s  the s t a t e  w i th  one more The ak produces 
quantum i n  mode k, t he  number of quznta in o the r  modes a g a i n  
f ik  
* 
remaining t h e  same. Applied t o  the vacuum any a y i e l d s  zero.  k 
117.1 There i s  another  approach t o  the  quan t i zac ion  o f  t h e  s t r i n g ,  
t h e  s o - c a l l e d  canon ica l  method, which i s  very e l e g a n t ,  b u t  which 
u n f o r t u n a t e l y  doesn ' t  work i n  a simple way f o r  t he  e l ec t romagne t i c  
f i e l d .  It i s  most d i r e c t l y  derived by  cons ide r ing  the  s t r i n g  as 
t h e  l i m i t  of a l a rge  number of p a r t i c l e s  joined by a we igh t l e s s  
s t r i n g .  
The 
while ,* would be i t s  v e l o c i t y .  
One quan t i zes  t h e  p a r t i c l e s  and then passes  t o  the  l i m i t .  
$ ( x , t )  would then  be t h e  p o s i t i o n  of t he  p a r t i c l e  a t  
16 
We w i l l  not  c a r r y  t h r m g h  the  d e t a i l s  of t h i s  procedare,  bu t  we 
mention i t  because t h i s  p i c t u r e  then l eads  us t o  expect t h a t  
t + ( x , t ) , ( $ ( x : t > l  -. 0 f o r  a l l  x and X I  while  L$(xjt), )=c! 
J 
f o r  x x p  b u t  not  for  x = x '  j u s t  corresponding t o  ( 2 5 )  and tc 
t he  f a c t  (see a l s o  t13.3 t h a t  d y ~  a r n i ~ d l  * - -  v a r i a b l e s  ? ~ s s n c ~ a t e d  v s t h  
d i f f e r e n t  p a r t i c l e s  commute. 
D i r e c t  c a l c u l a t i o n  then shows, usir ig  (13) an9 ( I 4 ) ,  (16)  and (17)  
t h a t ,  as we expect 
where we have used 
118.'J Given the Hamiltonian u w * a + a a * )  arid t he  reqairement  t h a t  
z 
should y i e l d  
%k 
and s i m i l a r l y  f o r  a another p o s s ~ b l e  quantunL r u l e  i s  
1 7  
* *  
a*a + aa* = 1 , a a =  a . a  = 0 
which one can show y f e l d s  Ferrni-Dirac s t a t i s t i c s .  
For t h e  s t r i n g  we might thus u s e  
a a  + a k P a k  = 0 k k s  
di I 
ak8 k l  k + a" a = o  
However, when a p p l i e d  t o  0 t h i s  y i e l d s ,  f o r  x = x '  
t h a t  i s ,  O2 = 0, which impl ies  t ha t  0 : 0 s i n c e  $ i s  a 
Hermit ian ope ra to r .  S ince  $ f 0 means "no theory ' '  w e  conclude 
t h a t  w e  cannot  c o n s i s t e n t l y  quant ize  t h e  s t r i n g  accord ing  t o  
Fermi-Dirac S t a t i s t i c s ,  
b 9 . 1  I n  t h e  commutation r e l a t i o n s  w e  have m i t t e n  down thus  f a r ,  
a l l  ope ra to r s  have been eva lua ted  a t  t h e  same t i m e .  Since,  f o r  t h e  
s t r i n g ,  w e  know i n  d e t a i l  how the  o p e r a t o r s  depend on t i ne  w e  could 
a l s o  (though we won ' t )  e v a l u a t e  commutators i nvo lv ing  o p e r a t o r s  a t  
d i f f e r e n t  times, I n  t h e  presence of i n t e r a c t i o n  w e  are not ,  i n  
I 
18 
gene ra l ,  able  t o  do  this l a t t e r  e x a c t l y .  HcweVeK, i n  a genera!. way, 
we may expect t h a t  t-hocngh the  i n t e r a c t l o n  may modify the  commutators 
i nvo lv ing  d i f f e r e n t  times, it w$!l no t  mcdLfy I chose f n v e l v i a g  a 
common t i m e .  We ~ . r g ~ e  he re  by analogy wi th  o r d t n a r y  qua tu rn  
mechanics. The r u l e  (.IS) t;hizh r e l i t e s  trre c 3 c r d i n a t e  and nonentum 
of a p a r t i c l e  a t  the same time a p p l i e s  i n  a l l  i l rcumsrancec 
( i o e .  whatever t h e  i n t e r a c t i c n s ) ,  and again a t  the saxe t ime,  
v a r i a b l e s  a s soc ia t ed  with d i f f e r e n t  p a r t i c l e s  (L-v- w:.t€i d i f f e r e n t  
degrees  of €reEdom of  t he  same p a r t i c l e )  a l w a y s  coIrmute. However, 
i f  t he  p a r t i c l e s  i n t e r a c t  then v a r i a b l e s  a s s o c i a t e d  with d i f f e r e n t  
p a r t i c l e s  (or w i t h  dLf€e ren t  degree. o f  freedon. of t h e  same p a r t i c l e )  
a t  d i f f e r e n t  times w i l l ,  in g e n e r a l ,  n o t  conmute. Indeed, t h i s  i s  
j u s t  an expression of the  f a z t  t h a t  t he  i*aL t i c  l e s  i n t e r a c t i n g ,  
i . e .  t h a t  a me;isurenent o f ,  s a y ,  the  r d r n d t e  et one p a r t i c l e  can 
a f f e c t  t he  coord ina te  of  another  p a r t i c l e  a t  a l a t e r   me. Also,  as 
another  example, t h e  cctrmutator of  the n~menturn of a p a r t i c l e  a t  
one t i m e  and the  coord ina te  o f  t h e  sane p a r t i c l e  a t  another  t i m e  
w i l l  depend on t h e  nature o f  t h e  f o r c e s  t o  which the  p a r t i c l e  i s  
being subjected (with no f o r c e s ,  i t  i s  i n  f a c t  independent of t he  
time d i f f e r e n c e ) .  
1203 The unde r ly ins  philosophy of  our d i s c ~ ~ s s i o n  has been t o  view 
t h e  formalism of  quantum f i e l d  theory as a d i r e c t  e x t e m i o n  of t h e  
formalism o f  p a r r i c l e  mechanfcs t o  an i n f i n i t e  number of dynamical 
v a r i a b l e s .  We hdve t r i e d  t o  p l a y  dcwn a i f f e r e n c e s .  
f i n i t e  L 
v a r i a b l e s ,  t h e  a and a 
I f  w e  introduce i n t e r a c t i o n ,  rhen our  procedcre w i l l  be t o  expres s  
The use of a 
h e l p s  u s  here  by maklng our i ~ l t i m a t e  cho ice  of dynamical 
-?C a d i s c r e t e ,  t hough  infinite, s e t .  k '  k 
19 
t h e  new Hamiltonian a g a i n  i n  terms of  t h e  a and a'jr (and u s u a l l y  
v a r i a b l e s  d e s c r i b i n g  the system with which t h e  f i e l d  i s  i n t e r a c t i n g )  
a l l  r e f e r r e d  t o  a f ixed  time - j u s t  as one expres ses  the Hamiltonian 
f o r  i n t e r a c t i n g  p a r t i c l e s  i n  terms of t h e i r  x ' s  and p a s  a t  a 
f i x e d  t ime. Once t h i s  i s  done, we may use s t anda rd  quantum 
mechanical procedures  t o  c a r r y  out c a l c u l a t i o n s ,  These c a l c u l a t i o n s  
are u s u a l l y  most simple i f ,  one way c r  ano the r ,  w e  use t h e  free f i e l d  
energy e i g e n s t a t e s  as a b a s i s  s ince  then  w e  may use t h e  simple r e s u l t s  
of 116.1 t o  e v a l u a t e  ma t r ix  elements.  I n  t h e s e  l e c t u r e s  w e  w i l l  use 
only p e r t u r b a t i o n  methods, however one can a l s o  use v a r i a t i o n a l  
methods, e t c .  
k k 
121.3 An Example: Suppose our s t r i n g  i s  pe r tu rbed  i n  such a way 
t h a t  an e x t r a  t e r m  appears  i n  H of t he  form g$(O,t)  where g i s  
a c o n s t a n t ,  t he  coupl ing cons t an t .  Expressed i n  terms of the b a s i c  
dynamical v a r i a b l e s , t h e n  
where, t o  keep t h e  problem simple, we have no t  introduced any 
dynamical v a r i a b l e s  a s s o c i a t e d  with the p e r t u r b e r  . 
Actua l ly ,  t h i s  Hamiltonian i s  s u f f i c i e n t l y  simple t h a t  we can 
f i n d  i t s  e igenva lues  e x a c t l y .  However, l e t  us  t r e a t  i t  by 
20 
p e r t u r b a t i o n  theory  conf in ing  ou r se lves  t o  t h e  ground s t a t e ,  t h e  
vacuum. *o , t h e  f i r s t  o rder  Denoting t h e  unperturbed vacuum by 
energy c o r r e c t i o n  
i s  seen  t o  v a n i s h  because ( \lio,akqo = 0 and 
f o r  a l l  k .  
The second order  c o r r e c t i o n  i s  
From 
s ta tes  - t he re  i s  one quantum i n  some mode k , no quanta  i n  any 
o the r  mode. For such a s t a t e ,  EO - = - h w  ( t h e  zero-poin t  
=/+ sin.ce only  t h e  energy cance l l i ng ) ,  and 
a t e r m  i n  v c o n t r i b u t e s  and t h e  matrix element  of a i s  one 
(Nk = 1). 
116.1 we see t h a t  the\liNwhich c o n t r i b u t e  are t h e  one quantum 
9 @kL ( $o,V qN 
k k 
Thus w e  have 
2 1  
Let us now take t h e  l i m i t  L --too The spacing of success ive  
k va lues  then becomes very small  (nanely from eqn, ( 7 )  we have 
2Jl A k  = - 
L 
whence we can r e p l a c e  t h e  sum by an integra!  __I according t o  
I n  p a r t i c u l a r ,  then, our second order energy becomes 
which i s  a d ive rgen t  i n t e g r a l ,  because of  t h e  behavior of t h e  
in t eg rand  near k = 0 ( in f r a - r ed  c a t a s t r o p h e ) .  
The main purpose of t h i s  example W ~ S  t u  i l l u s t r a t e  t h e  
a p p l i c a t i o n  of convent ional  quantum-mechanical methods t o  f i e l d  
theo ry .  It has a l s o  served t o  provide our second encounter w i th  
i n f i n i t i e s  i n  f i e l d  theo ry .  
22 
SECOND LECTURE 
120.1 Maxwell's equat ions f o r  t h e  e l e c t r i c  and magnetic f i e l d s  
produced by charges a r e  
where j and 3 a r e  t h e  c u r r e n t  and charge d e n s i t i e s  due t o  
cha rges .  
equa t ions  d e s c r i b i n g  t h e  motion of t he  charges  i n  response t o  t h e  
- 
To c6mplete the dynamics, we must t hen  a d j o i n  Newton's 
f i e l d .  
equa t ions  i d e n t i c a l l y  by in t roduc ing  t h e  vec to r  and s c a l a r  
p o t e n t i a l s  A and 0 according t o  
A s  i s  well-known, w e  can  s a t i s f y  t h e  f i r s t  and second 
Since we know f u r t h e r  t h a t  A and 4 w r l l -  presumably, occur i n  t h a t  
p a r t  of the Hamiltonian d e s c r i b i n g  the  i n t e r a c t i o n  of mat ter  and f i e l d ,  s i n c e  
f o r  example, for  an e l e c t r o n  i n  g iven  -- e x t e r n a l  f i e l d s  the Hamiltonian 
i s  
Thus we a r e  n a t u r a l l y  led t o  use A arid 4 as dynamical v a r i a b l e s  r a t h e r  
t han  E and 2 . 
The l a s t  TWO equat lons o f  t h e  s e t  (23) t hen  become t h e  equa t ions  
of motion f o r  A and 4 : 
L21.1 Given - A and 0 eqn ( 2 4 )  determine E and uniquely 
and s i n c e  E and a r e  t h e  p h y s i c a l l y  measurable q u a n t i t i e s  
( i t  i s  t h e y ,  r a t h e r  than and $ which x c u r  i n  Newton's equa t ions  
of motion), t h i s  i s  f i n e .  On t h e  o the r  hand given 21 and , 
eqn. (24 )  do n o t  determine and 4 uniquely.  Namely, given a s e t  
of and 4 we can f i n d  any number of o t h e r s  which y i e l d  same 
- and according t o  
2 4  
where i s  an a r b i t r a r y  funct ion.  The inva r i ance  of B, and , 
and hence of measurable quan t i e s ,  t o  such t r ans fo rma t ions  i s  c a l l e d  
gauge i n v a r i a n c e  and such a t ransformation i s  c a l l e d  a gaupe t r ans fo rma t ion .  
222.1 Since w e  have decided t o  use A and 0) as dynamical v a r i a b l e s ,  
t he  problem then  a r i s e s  of choosing a gauge i n  order  t o  f i x  them 
uniquely.  For our purposes i t  w i l l  be most convenient  t o  assume t h a t  
T h i s  i s  t h e  s o - c a l l e d  Coulomb, or r a d i a t i o n ,  or  t r a n s v e r s e  gauge. 
One can show t h a t  i f  one s t a r t s  with an  A which does no t  s a t i s f y  
( 2 6 )  then one c a n  always f i n d  a A such t h a t  t h e  transformed 
w i l l  s a t i s f y  ( 2 6 ) .  
A 
c25.1 With t h i s  choice of gauge, t h e  second equa t ion  ( 2 5 )  becomes 
w i t h  t h e  immediate s o l u t i o n  
25 * 
where qi i s  t he  charge on t h e  i - t h  p a r t i c l e  and xi i t s  p o s i t i o n .  
concerned; i t  i s  completely expressed i n  terms of dynamical v a r i a b l e s  
a s s o c i a t e d  with the  p a r t i c l e s  ( a l l  evaluated a t  t h e  same t ime) .  
Thus we have f u r t h e r  reduced the dynamical v a r i a b l e s o f  t h e  f i e l d  
t o  A , ,  sub jec t  t o  the  gauge c o n d i t i o n  (26) and i t s  equa t ion  of 
motion, ( t h e  f i r s t  of equat ions ( 2 5 ) )  which is now 
L26.1 Let us f i r s t  cons ide r  f r e e  f i e l d s ,  $ =  j = 0 . Then - 
4 = 0 and A s a t i s f i e s  t he  t h r e e  dimensional wave equa t ion  
Qu i t e  i n  analogy t o  eqn. (13) we now analyze A, i n t o  normal modes 
where we have imposed p e r i o d i c  boundary c o n d i t i o n s  i n  a cube of 
volume L3 so a s  t o  r e p l a c e  by t h e  d i s c r e t e  s e t  of dynamical 
v a r i a b l e s  a , a  , s i n c e  from t h e s e  boundary c o n d i t i o n s  i t  * 
k,S k,S 
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then  fol lows t h a t  & i s  d i s c r e t e :  
I n  a d d i t i o n  w e  have 
The vec to r  k t e l l s  u s  t h e  d i r e c t i o n  of propagat ion of i n  
a normal mode and the  u n i t  vec to r  e t e l l s  us  i t s  s t a t e  of 
p o l a r i z a t i o n .  The gauge condi t ion,  equa t ion  (26),  i s  then  s a t i s f i e d  
by having 
-is, s 
i . e .  we are d e a l i n g  w i t h  t r ansve r se  waves. Since w e  can a s s o c i a t e  
on ly  two l i n e a r l y  independent p o l a r i z a t i o n s  s w i t h  each t r a n s v e r s e  
wave t h e  sum over s as indicated r u n s  from 1 t o  2 . We assume 
(without  l o s s  of g e n e r a l i t y )  t h a t  
f 
i . e .  t h e  5 ' s  are orthoPonal un i t  p o l a r i z a t i o n  v e c t o r s .  
The f a c t  t h a t  we a r e  a b l e  t o  s a t i s f y  t h e  gauge c o n d i t i o n  s o  
simply - eq. (26) has now become simply an  ope ra to r  i d e n t i t y  - i s  
an  a d d i t i o n a l  r e a s o n  f o r  our choice of t h e  r a d i a t i o n  gauge over 
27 
o the r  p o s s i b i l i t i e s .  I n  p a r t i c u l a r  t h e  more e l e g a n t  and r e l a t i v i s t i c  
Lorentz  gauge 0.4 + ; 2 a t  = 0 cannot be r e a d i l y  incorpora ted  as 
an  opera tor  equa t ion  and r e q u i r e s  s p e c i a l  cond i t ions  on t h e  wave 
func t ion  (Fermi method) or a n  i n d e f i n i t e  metr ic  i n  H i l b e r t  space 
(Gupta-Bleuler method). 
and a. * as our dynamical v a r i a b l e s  t h e  
k s '  
Using the  %, s -Y 
d i s c u s s i o n  now e x a c t l y  p a r a l l e l s  t h a t  f o r  t he  s t r i n g .  
The wave equa t ion  for  now impl i e s  (and i s  implied by) 
where 
k2  
Fur the r  by d i r e c t  c a l c u l a t i o n  us ing  (30) one r e a d i l y  shows t h a t  t h e  
cons t an t  f a c t o r s  i n  t h e  square  r o o t  i n  equa t ion  (28) have been 
chosen i n  such a way t h a t  t h e  energy i n  t h e  e l ec t romagne t i c  f i e l d ,  
t a k e s  t h e  form 
28 




t a k e s  t h e  form 
127.1 
f o r  t h r e e  dimensions and two p o l a r i z a t i o n s  per normal mode. 
now go over d i r e c t l y  t o  guantum mechanics. 
a and a become o p e r a t o r s  which are one a n o t h e r ' s  Hermitian 
con juga te s  and which s a t i s f y  the  commutation r u l e s  ( s i m i l a r  t o  
The Analom w i t h  t h e  s t r i n g  i s  now complete making due allowance 
We can 
The dynamical v a r i a b l e s  
* 
k,s ,J k s  
e q u a t i o n s  (16) and (17) ) .  
' a k j s  * C a b s  - = 6,,g & , s t  (33) 
The energy and momentum eigenvalues  become ( s i m i l a r  t o  equa t ions  
(18) and (19))  
* 
k s  
Thus w e  have photons! The dynamical v a r i a b l e s  a and a 
become d e s t r u c t i o n  and c r e a t i o n  o p e r a t o r s  r e s p e c t i v e l y  f o r  photons 
of  momentum , p o l a r i z a t i o n  s . 
& s  -9 
1281 We now wish t o  in t roduce  i n t e r a c t i o n  w i t h  charged pa r t i c l e s .  
With no i n t e r a c t i o n ,  i. e . ,  w i t h  a l l  charges  equa l  t o  zero,  t h e  




The f i r s t  t e r m  d e s c r i b e s  t h e  f r e e  r a d i a t i o n  f i e l d ;  t h e  second, t h e  
f r e e  motion o f  t h e  p a r t i c l e s  (we are assuming only  e l ec t romagne t i c  
i n t e r a c t i o n s ) .  When we pu t  thP charges d i f f e r e n t  from zero ,  two 
s o r t s  of i n t e r a c t i o n s  occur : 
( i )  the coulombic i n t e r a c t i o n  of t h e  p a r t i c l e s  among themselves .  
Th i s  i s  a d i r e c t  i n t e r a c t i o n  between t h e  p a r t i c l e s .  It has  n o t h i n g  
t o  do wi th  t h e  dynamics of t h e  f i e l d .  It is ,  of course ,  i n  a sense ,  
"due to" 0. 
a s s o c i a t e d  w i t h  t h e  f i e l d s  ( r e c a l l  r251 ). 
But i n  our gauge, 0 i s  not a dynamical v a r i a b l e  
( i i )  The i n t e r a c t i o n s  of t h e  p a r t i c l e s  w i t h  t h e  f i e l d .  A s  w e  
s h a l l  see, t h i s  i n t e r a c t i o n  g ives  r i s e  t o  e f f e c t i v e  magnet ic  
i n t e r a c t i o n  and r e t a r d e d  i n t e r a c t i o n  between t h e  p a r t i c l e s ,  as w e l l  
as desc r ib ing  t h e  i n t e r a c t i o n  of matter and photons.  
129.1 We now simply s t a t e  t h a t  t h e  a p p r o p r i a t e  Hamiltonian which 
d e s c r i b e s  the  i n t e r a c t i n g  matter and f i e l d  i s  
Here Ai 
t h e  i t h  charge i . e .  
is  the  vec to r  p o t e n t i a l  eva lua ted  a t  t h e  p o s i t i o n  of 
30 
and eqn. (31) ,  (31 ' )  and (33)  cont inue t o  hold (with r e g a r d  t o  (33)  
r e c a l l  [I91 1. 
should be added t o  Ai and 1 q i Q i  (Ext) should be added t o  H , 
Note t h a t  t h e  s t r u c t u r e  of t h i s  Hamiltonian i s  r e a l l y  q u i t e  
(Ext)  I f  t h e r e  are a l s o  e x t e r n a l  f i e l d s  p r e s e n t ,  A+ 
i 
f a m i l i a r .  I t  i s  g o t t e n  by simply adding t h e  Hamiltonian of t h e  
r a d i a t i o n  f i e l d  t o  t h e  f a m i l i a r  Hamiltonian of a number of charged 
p a r t i c l e s  i n t e r a c t i n g  among themselves v i a  coulomb f o r c e s  and i n  
a d d i t i o n  i n t e r a c t i n g  w i t h  a vec tor  p o t e n t i a l .  The presence  of t h e  
r a d i a t i o n  f i e l d  Hamiltonian in su res  t h i s  vec to r  p o t e n t i a l  i s  a 
dvnamical e n t i t y  n o t  only a c t i n g  on t h e  p a r t i c l e s  ( a s  a n  e x t e r n a l  
f i e l d  does)  bu t  a l s o  r e a c t i n g  t o  them. 
[SO.] We have s a i d  t h a t  t h i s  i s  the "appropr ia te  Hamiltonian". 
What we mean by t h i s  i s  simply t h a t  u s ing  t h e  commutation r u l e s  
and us ing  t h e  gene ra l  ope ra to r  equat ion  of motion 
- dF = L[H,F] d t  h 
a p p l i e d  t o  F = a , F = x , and F = p+ one w i l l  d e r i v e  
k Y S  -i 
exactly t h e  ex tens ion  of (32)  t o  t h e  i n t e r a c t i n g  case, i . e .  one 
w i l l  d e r i v e  Maxwell's equat ions ,  and one w i l l  d e r i v e  Newton's 
31 
equa t ion  desc r ib ing  t h e  motion of t he  i - t h  p a r t i c l e  under t h e  
i n f l u e n c e  of i t s  e l e c t r o s t a t i c  i n t e ra . c t ions  wi th  t h e  other  p a r t i c l e s ,  
and under the  in f luence  of t h e  e l e c t r o n a g n e t i c  f i e l d  r ep resen ted  
1313 We now wish t o  apply our formalism t o  va r ious  problems. Our 
b a s i c  t o o l  w i l l  be  p e r t u r b a t i o n  theory  w i t h  t h e  unperturbed 
Hamiltonian taken  t o  be 
i s  then  ( i n  our gauge, and $ and t h e  p e r t u r b a t i o n  , Ei 
commute ) 
= v1 + v* 
Thus t h e  unperturbed e igen func t ions  are s imply products  of 
e igen func t ions  of t he  f r e e  r a d i a t i o n  f i e l d  and e igen func t ions  
d e s c r i b i n g  charged p a r t i c l e s  i n t e r a c t i n g  v i a  coulomb f o r c e s .  
Note t h a t  our expansion parameter i s  b a s i c a l l y  t h e  charge  
( t h e  dimensionless  parameter i s  fi where OC i s  t h e  f i n e  s t r u c t u r e  
. 
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c o n s t a n t  
I >  o(= - w -  
2 e 
.tic 137 
and, i n  t h i s  sense,  V1 i s  of f i r s t  order ,  V i s  of second o rde r .  
2 
131*.] I f  w e  would a l s o  inc lude  sp in  e x p l i c i t l y  t h e r e  would be 
a d d i t i o n a l  terms i n  V . For example, t h e r e  would be terms of t h e  
S:B type r e p r e s e n t i n g  the  d i r e c t  i n t e r a c t i o n  of t he  s p i n  w i t h  Ti 
t h e  magnetic f i e l d ,  and t h e r e  would a l s o  be c o n t r i b u t i o n s  from t h e  
s p i q - o r b i t  i n t e r a c t i o n  when one r e p l a c e s  the  
angular  momentum ope ra to r s  by p+ + gi A . We w i l l  no t  
consider  t h e s e  terms any f u r t h e r .  
q i n  t h e  o r b i t a l  
i c 
132.3 We w i l l  assume f a m i l i a r i t y  w i t h  s t a t i o n a r y  s t a t e '  p e r t u r b a t i o n  
theo ry .  Indeed, we have a l r e a d y  used i t  i n  1211 . We w i l l  a l s o  
need time-dependent p e r t u r b a t i o n  theory,  whose formulae w e  w i l l  
d e r i v e  below. We emphasize t h a t  t h i s  i s  a method, l i k e  s t a t i o n a r y  
s t a t e  p e r t u r b a t i o n  theory,  which i s  of gene ra l  use i n  quantum 
mechanics, whenever one has time-dependent processes .  It i s  not 
a technique which i s  p e c u l i a r  t o  f i e l d  theory.  
133.3 One may w e l l  ask,  why d o  we need time-dependent p e r t u r b a t i o n  
theo ry  when our Hamiltonian H does not  involve t h e  time e x p l i c i t l y ?  
To answer t h i s ,  l e t  us note  t h a t  t h e  kind of problems t o  which we 
w i l l  apply t h i s  approximation a re  i n  t h e  n a t u r e  of s c a t t e r i n g  problems - 
problems i n  t h e  contirtuous spectrum. Let us, t h e r e f o r e ,  consider  a 
t y p i c a l  problem of t h i s  type (which i s  E 2 f i e l d - t h e o r y  problem) - 
t h e  s c a t t e r i n g  of 3 p a r t i c l e  by g -po ten t i a l , ,  
t h i s  problem i s  t o  d e a l  w i t h  an energy e i g e n s t a t e  i n  t h e  continuous 
spectrum and look f o r  wave f u n c t i e n s  which, a t  l a r g e  d i s t a n c e s  from 
One way of handl ing 
t h e  s c a t t e r i n g  c e n t e r ,  have the  form of a plane wave plus  an  outgoing 
s p h e r i c a l  wave. The former one i s  i d e n t i f i e d  w i t h  the  fnc iden t  wave, 
t h e  l a t t e r ,  w i th  t h e  s c a t t e r e d  wave, 
Though t h i s  procedure leads i n  t h e  end t o  c o r r e c t  r e s u l t s ,  
no te  t h a t  i t  i s  _not an a c c u r a t e  d e s c r i p t i o n  of a p h y s i c a l  s c a t t e r i n g  
experiment : 
( i ) .  Energy e igen func t ions  i n  t h e  ccntinuum a r e  not normalizeable .  
(ii). The plane and s p h e r i c a l  waves over l ap  everywhere i n  space 
and, t h e r e f o r e  c a n ' t ,  i n  f a c t ,  be d i sen tang led ,  
(iii), The wave f u n c t i o n  i s  c o n t i n u a l l y  non-zero i n  t h e  r eg ion  
of t h e  p o t e n t i a l ,  i . e .  s c a t t e r i n g  i s  always going on, 
The remedy f o r  t hese  conceptual  d i f f i c u l t i e s  i s  t o  use 
r e a l i s t i c  wave packets  which as i n  an  a c t u a l  experiment conf ine  
t h e  inc iden t  p a r t i c l e  t o  a norrnalized moving "lump". This  then 
means a non- s t a t iona ry  (t ime dependent) s ta te ,  and does pe rmi t  a 
c l e a n  sepa ra t ion  (except i n  t h e  r e g i o n  of t h e  forward d i r e c t i o n )  
between inc iden t  and s c a t t e r e d  waves a g a i n  as i n  an  a c t u a l  
experiment.  However, wave packe t s  a r e  messy t o  d e a l  w i t h  and, 
i n  t h e  end, t h e  d e t a i l s  of t h e  packet  cance l  o u t .  
i n t e r a c t i o n  t h e  p o t e n t i a l ,  If I t  i s  of  atmnfc or  molecular 
(During t h e  
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dimensions, c a n ' t  d i s t i n g u i s h  between an  experimental  beam of s m a l l  
c r o s s - s e c t i o n ,  and a plane wave.) Another, formal, procedure which 
al lows us  t o  use plane waves, e m m g  b u t  s t i l l  a l lows a c l e a r  
d i s t i n c t i o n  between i n c i d e n t  and s c a t t e r e d  wavesg i s  t o  make t h e  
i n t e r a c t i o n  V time dependent, 
v -9 v e = T t t '  
where 9 i s  a small p o s i t i v e  number. This  i n s u r e s  (as  w i th  a 
packe t )  t h a t  t h e r e  i s  no i n t e r a c r i o n  i n  t h e  remote p a s t  i n  t h e  
remote f u t u r e .  y-0 . 
Thus w e  are l ed  t o  the  need for  time-dependent p e r t u r b a t i o n  theo ry .  
A t  the  end of  the c a l c u l a t i o n ,  one may l e t  
1343 Now t o  t h e  formalism. Our Hamiltonian i s  
4 q l t l  
H = Ho 4- Ve 
We w i l l  denote  t h e  e i g e n s t a t e s  o f  Ho by $I, lrF,  e t c .  so  t h a t  
HoqF = EFqF , e tc .  We wish t o  s o l v e  t h e  time-dependent 
Schr oedinger equa t ion  
s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  i n  t h e  remote p a s t  
c 
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To do t h i s ,  w e  w r i t e  
I f  v = o t h e  gF are constants, Because v + 0 ,  they  are no t  
c o n s t a n t s .  Hence t h i s  method i s  sometimes s a i l e d  by t h e  cu r iops  
name, "the rnethod o f  -", 
I n s e r t i n g  t h i s  expanslon i n t o  (389 and u s ~ n g  t he  or thonormal i ty  
of  t h e  qF one r e a d i l y  d e r i v e s  
W e  now introduce p e r t u r b a t i o n  thgors;  by expanding I n  powers of 
The zero  order apm-oximation is, of cour se ,  simply g 
I n s e r t i n g  t h i s  on t h e  r i g h t  hand r i d e  of (391, we g e t  t h e  f i r s t  
approximation 
v . 
F ' , I  = 6 F '  
which w e  can immediately in tegra te ,  s u b j e c t  to che i n i t i a l  
cond i t ion ,  t o  f i nd  
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t35.3 The q u a n t i t y  of a c t u a l  i n t e r e s t  i s  t h e  t r a n s i t i o n  r a t e  i n t o  
t h e  s t a t e  F $: I f o r  p o s i t i v e  va lues  of t ( t h e  maximum i n t e r a c t i o n  
c l e a r l y  occur sa t  t = 0) .  Thus we want 
One s p l i t s  t he  i n t e g r a l  i n  (40)  i n t o  an i n t e g r a l  from -00 t o  0 , 
and an  i n t e g r a l  from 0 t o  t . 
I n  t h e  former I j ) I t ' l  = - 7 t '  , i n  t h e  l a t t e r T ( t ' 1  = 7 t s  . 
One f i n d s ,  a f te r  a h i t  of a lgeb ra  
-i(EF - E I ) t / 6 - v  t + e  - e  
We now l e t  '1-0 . 
EF-EI f 0 and i n f i n i t e  i f  EF - EI = 0 a Indeed, 
Note the f i r s t  f a c t o r  becomes z e r o  i f  
i s  a well-known r e p r e s e n t a t i o n  for  6 (x). 
and E -E e f f e c t i v e l y  equa l ly  zero,  t h e  f i n a l  bracketed f a c t o r  
becomes u n i t y  s o  we g e t  t he  famous formula ( t h e  "golden ru l e" )  for 
t h e  t r a n s i t i o n  p r o b a b i l i t y  per u n i t  t i m e  
F u r t h e r ,  w i t h  7 = 0 
F I  
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. 
- - 2rr: I(FIV 11) I * 6 ( E F - E i )  TF I - *  ( 4 1  1 
The 6 funct ion c l e a r l y  expres ses  tho o v e r a l l  conse rva t ion  cf 
energy. How one handles i t  t o  g e t  f i n i t e  neasu teab ie  r e s u l t s  w i l l  
be discussed i n  the  next l e c t u r e  i n  connection w i t h  a p p l i c a t i o n s .  
1 3 6 3  I f  one goes t o  second order i n  V , one f i n d s  a similar 
formula but w i th  (F I V I I) rep laced  by 
( F I V  I F ~ ) ( F ~ I  V I  I )  
( F I V I T )  C 1 E -E I F s  F 0  
t h e  s t a t e s  qF, , appearing a s  v i r t u a l  intezmediate  s t a t e s .  
Since they a r e  t r a n s i t o r y ,  t h e r e  i s  no c o n t r a d i c t i o n  wi th  
conservat ion of energy ( r e c a l l  A E  9 A t *> i n  t he  f a c t  t h a t  
EF ,  a EI , i . e .  ene rgy 'ho t  conserved" i n  in t e rmed ia t e  s t a t e s .  
1137.1 I n  p repa ra t ion  f o r  t he  a p p l i c a t i o n s ,  i t  5 s  u s e f u l  t o  no te  
the  na tu re  of t he  non-zero photon ma t r ix  elements of V : 
C l e a r l y  V I  can c r e a t e  o r  des t roy  any m e  p h o t m  (Ic9s), we 
can r e p r e s e n t  t h i s  diagraamrrnaticalTy by ( t h e s e  are not Feynman 
d i agr ams ) 
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c r e a t i o n  of 
a photon 
d e s t r u c t  i o n  
of a photon 
where one imagines t i m e  t o  i nc rease  from the  bottom t o  t h e  t o p  
of t h e  diagram. S i m i l a r l y  V can c r e a t e  any two photons, or  
d e s t r o y  any two, or d e s t r o y  one and c r e a t e  another .  
2 
c r e a t i o n  
of two 
photons 
d e s  tr uc c ion  
of two 
photons 
d e s t r u c t i o n  
of one 
photon and 
c r e a t i o n  of  




[38.] AS O Z ~  f i r s t  Zjpl i :a t icc  of (+I) , we K Z G ~  t; d % s i u s s  t h e  
spontaneous emission of l i g h t  by a bound sy-srem (xe wfll c a l l  i t  
an  atom) i n  an e x c i t e d  s t a t e .  Let us  f i r P t  m t e  t h a t  it i s  not  
a t  a l l  c l e a r  t h a t  equat ion ( 4 1 )  a p p l i e s  s i n c e  so far as the  atom 
and the  r a d i a t i o n  i s  concerned t h i s  i s  a chsll isfon p rocess .  
Rather a t  some f i n i t e  t i m e  ( i . e .  no t  - 03 ) lthe atom 1 s  e x c i t e d ,  
s ay  by c o l l i s i o n ,  wirh another atom, and we want t o  know the  r a t e  
a t  which i t  w i l l  emit l i g h t .  We w i l l  r e t u r n  110 t h i s  p o i n t  of 
p r i n c i p l e  a f t e r  we have completed the  c a l c u l a t i o n .  
L39.1 L e t  us take t h e  s t a t e  as a product of rhe photon vacuum 
and t h e  wave f u n c t i o n  f o r  an atom in s t a t e  J wh i l e  qF i s  a 
product  of a wavefunction desc r ib ing  m e  p h o t m  of momentum & 
w i t h  p o l a r i z a t i o n  s and the  wave f u n c t i o n  f o r  an atom i n  s t a t e  f e 
For s i m p l i c i t y  we  w i l l  pu t  t he  mass of t h e  nucleus equa l  t o  m 
s o  we a r e  d e a l i n g  only  w i t h  the  e l e c t r o n s ,  Thus, qi = -e and m = m . i 
Also  we have EF - EI = hak C E f  - E 
From [371  , i t  i s  c l e a r  t h a t  t h e  only  term i n  V which has  
a non-vanishing ma t r ix  element f o r  t h i s  process  is 
Since ,  f u r t h e r ,  t h e  m a t r i x  element of a ' between t h e  two photon 
&,s.  
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s ta tes  involved i s  u n i t y  (from equa t ion  (21)), w e  have i n  obvious 
n o t a t i o n  
and we are s t i l l  l e f t  w i t h  an e l e c t r o n i c  ma t r ix  element t o  c a l c u l a t e .  
It i s  t h e  vanishing o r  non-vanishing of t h i s  ma t r ix  e l e n e n t  which 
g ives  r i s e  t o  a l l  t h e  familiar s e l e c t i o n  r u l e s .  
Now t o  “handle“ t h e  &-funct ion.  We observe t h a t  i n  t h e  
(phys ica l )  l i m i t ,  
p r o b a b i l i t y  t h a t  t h e  photon emerge wi th  a p a r t i c u l a r  momentum & , 
t h a t  i s ,  i n  a p a r t i c u l a r  d i r e c t i o n  s i n c e  t h i s  i s  impossible t o  
measure! No d e t e c t o r  has i n f i n i t e l y  sha rp  angular  r e s o l u t i o n .  A t  
b e s t  we want t h e  p r o b a b i l i t y  t h a t  t h e  photon w i l l  emerge i n  some 
range of s o l i d  ang le .  To i n f e r  a formula f o r  t h i s ,  l e t  us  sum our 
formula for  T over & p h o t o n s  t o  f i n d  t h e  t o t a l  t r a n s i t i o n  r a t e .  
I n  t h e  l i m i t  as L a w ,  t h i s  involves  ( g e n e r a l i z i n g  equa t ion  (22)  
L + w ,  we a r e  n o t  r e a l l y  i n t e r e s t e d  i n  t h e  
3 
t o  t h r e e  dimensions) L_ t imes an i n t e g r a l  over k and a sum 
over s . (2 d 3  
Because of the presence of t he  & - f u n c t i o n ,  w e  can r e a d i l y  c a r r y  
out t he  i n t e g r a t i o n  over 4iak i f  w e  i n t roduce  i t  as a v a r i a b l e  of 
i n t e g r a t i o n .  
space.  Thus 




f a c t o r ,  t he  l a t t e r  name because L dk i s  o rd ina ry  space times 
momentum space = phase space.  Carrying out t he  i n t e g r a t i o n  over 
i s  o f t e n  c a l l e d  the  d e n s i t y  of f i n a l  s t a t e s  or t he  phase space 
3 - 
hc.0, we have, c o l l e c t i n g  a l l  f a c t o r s  (note  t h a t  t he  L3 has 
cance l l ed  o u t )  
where now 
From t h i s  formula we i n f e r  t h a t  t h e  d i f f e r e n t i a l  t r a n s i t i o n  
r a t e  f o r  emission i n  t h e  s o l i d  angle d R  wi th  p o l a r i z a t i o n  s i s  k -
T h i s  i s  t h e  r e s u l t  we were a f t e r .  
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[400]  What w e  have c a l c u l a t e d  i s  a ~ c i l i ~ z i i l y  quantum meehacical  
e f f e c t .  We s ta r ted  wi th  our atom i n  a 5;at.ionary s t a t e  (no 
o s c i l l a t i n g  charge or  c u r r e n t  d e n s i t i e s )  i n  t h e  d a r k  (no photons)  
and y e t  we have found t h a t  i t  r a d i a t e s !  Classically, i n  order  t o  
make such a system r a d i a t e ,  t h e  presence of a f i e l d  worrld be 
r e q u i r e d ,  I n  fact ,  and i t  i s  he re  t h a t  t h e  quantum mechanics e n t e r s ,  
t h e r e  i s  such a f i e l d  even though t h e r e  are no photons.  Namely, 
one f i n d s  t h a t  a l though i n  t h e  vacuum t h e  average va lues  of 
and a re  ze ro  ( these  ope ra to r s  are l i n e a r  i n  a 
t h e  averages of 
and a" 1 k s  -9 k S  -> 
2 and are no t  ( r e c a l l  t h e  d i s c u s s i o n  i n  [15]  
of t h e  n o n t r i v i a l  charac te r  o f  t he  %a~uum'~) .  To p u t  t h e  matter 
another  way, one r e a d i l y  v e r i f i e s  t h a t  e - and - B do no t  commute 
w i t h  t h e  N Thus, no photons does n o t  mean no f i e l d ,  and t h e r e  is 
a f l u c t u a t i n g  e lec t ro-magnet ic  f i e l d  nn t h e  vacuuma It i s  t h i s  
f i e l d  then  which can be s a i d  t o  ' 'causeo0 spontaneous e r - i ss ion ,  
LS 
though we will n o t  a t tempt  t o  show t h i s  i n  any f u r t h e r  d e t a i l .  
[41.] One f u r t h e r  po in t .  We have c a l c u l a t e d  the  p r o b a b i l i t y  f o r  
t h e  emission of one quantum. However? a system i n  gene ra l  may 
a l s o  e m i t  293a'0e quanta  provided only  t h a t  
Such mul t ip l e  quantum t r a n s i t i o n s  a r e  w e l l  known i n  microwave and 
r a d i o  frequency spectroscopy,  and, w i t h  t h e  advent  of l a s e r s ,  can 
4 3  
also be seen in optical spectra (in absorption). As yet, none has 
been detected in nuclear transitions. A s  to the calculation of the 
probabilities for such transitions, V clearly gives a possibility 
of 2 quantum emission already in 1st order (the a a terms) 
while 
2 * *  
& s  S s '  
V1 , can give two quantum emission in second order. 
Emission of Two Photons in Second Order 
Two quantum emission is also of interest in astrophysics since in 
the transition 22S e 12S in hydrogen, the one quantum 
transition is very highly forbidden, 
in higher order perturbation theory (and involve more powers of 4 ). 
% f 
More quanta become possible 
142.1 For optical transitions it is usually a good approximation to 
- ik* x put e --i = 1 . This is because the size of an atom is N a 
while A u k m y -  
This approximation is the familiar dipole approximation since then 
our electronic matrix element is 
0 
2 e 2 1 
whence k . x  - = dw- -1 XC 137 e 
0 
R being the transition dipole matrix element. In this 
-f 
approximation then, we get the familiar result that the differential 
transition rate is 
44 
I f  w e  mu l t ip ly  t h 2 s  by Aw L O  g e t  t he  d l f f e r e n t i a i  T ~ T E  of 
energy emission then  t h e  e x p l i c i t  d e p e s l d e w e  en Af dtsdppehi-s and 
we g e t  a r e s u l t  i d e n t i c a l  In  f c r r  t; t h i i t  f r3~ tk7e iad:atlon f r x ,  6. 
c lass ica l  o s c i l l a t i n g  d i p o l e ,  
b3.1 NOW l e t  US r e t u r n  t o  t h e  p o i n t  of p r i n c i p l e  broached i n  [09] 
The t o t a l  t r a n s i t i o n  r a t e ,  c a l l  i t  i s  a f i n i t e  number. 
C l e a r l y  then our r e s u l t  taken i i t e r a l l y  y i e l d s  nonsense i f  app l i ed  
f o r  t i m e  intervals, t longer t h a n  s i n c e  then  t h e  t o t a l  
p r o b a b i l i t y  of emis s ion ,$  t, w i l l  be l a rge r  than  one! 
€ 3  
-1. 
t l  
f 3  
Closer examination of  t he  pr o b l e r  y i e l d s  the  fol lowing r e s u l t s :  
I (  i L e t  us f i r s t  conf ine  our a t t e n t i o n  to t h e  atom, i.e., we sum over 
t h e  photons, and l e t  us suppose t h a t  the  e x c i t a t i o n  occurs  near 
t i m e  zero .  Then what happens f o r  v i  shor t times i 6: s t r o n g l y  
dependent on t h e  d e t a i l s  of t h e  exc i  ta t icr ,  rrwChdnisma However 
r a t h e r  qu ick ly  t h e  s t a t e s  f begin  t a  bunid up accord ing  t o  t h e  
f a m i l i a r  r a t e  equat ions  which y i e l d  exkoverl.t'al behavior  
L L L l  
i s  t h e  p r o b a b i l i t y  t h z t  rhe atorri. i s  i n  s t a t e  f 2 where Is,l 
(which may be j ) and where E f n 2  E f  and E f f q  c E f  a Thus 
i s  t h e  i n t r i n s i c  or p a r t i a l  t r a n s i t i o n  r a t e  from f '  t o  f 
P f f '  - 
' ,  
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and i s  t h e r e f o r e  t h e  p h y s i c a l l y  measureable l u a n  i t y ,  bu t  i t  i s  on3y 
f o r  times near zero t h a t ,  f o r  f j t h a t  
equa t ions  of course guarantee t h a t  
p r o b a b i l i t y  conserved. A f t e r  very long times t h e  behavior a g a i n  
devi ,a tes  from t h a t  desc r ibed  by the r a t e  equa t ion .  
= rfj . The r a t e  I gfk d t  (c I gf I *)= 0 , i , e .  t h a t  d t  
I f  one a l s o  eqa i n e s  the  photon s ta te  a s s o c i a t e d  wi th  the  atomic ? 
t r a n s i t i o n  j-f one f i n d s  t h a t  t h e  photon need no longer be 
monochromatic. Rather t h e r e  is a frequency d i s t r i b u t i o n  peaked ve ry  
near t o  W =  (Ej - E f ) / d  with a ( n a t u r a l )  width equa l  t o  - 7 1% +)- r f l l f  , where E f X E  and Ef,!<Ef . One can r e c o n c i l e  
f' f "  j 
t h i s  r e s u l t  w i th  t h e  conservat ion of energy by i n t e r p r e t i n g  i t  as being 
c-.l 
due t o  a broadening of t h e  l e v e l s  f and j by t h e  amounts rfllf 
U 
f" and 41 
r a d i a t i o n  f i e l d .  More p r e c i s e l y ,  due t o  t h i s  i n t e r a c t i o n  t h e  s t a t e s  
r e s p e c t i v e l y ,  due t o  t h e  i n t e r a c t i o n  w i t h  the  
f' 
f 
j and f (un le s s  t he  l a t te r  i s  the F o u n d  s t a t e )  are no longer 
s t a b l e  s ta tes ,  i . e .  well  def ined energy e i q e n s t a t e s ,  b u t  r a t h e r ,  
depending on t h e  numbers, a r e  more o r  less long l i v e d ,  more or  less 
we l l -de f ined ,  me tas t ab le ,  resonant  s ta tes  i n  t h e  continuum, t h e i r  
sha rpness  of d e f i n i t i o n  being determined by t h e  r a t i o  of width t o  spacing.  
[44.]  A s  our second a p p l i c a t i o n ,  l e t  u s  consider  a problem of t h e  
type  f o r  which we did d e r i v e  our approximation - t h e  p h o t o e l e c t r i c  
e f f e c t  i n  hydrogen. Thus 
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+I = (photon k,s) (atom i n  s t a t e  0 )  
qF = (phocon vacuum) (atom Loxized i n  s t a t e  f 3 
t h e  matrix element of  a be ing  u n i t y  (N = I ) ,  Fur ther  
k-98 k, 5 
EI = E + m u k  whi le  E = Ef  Thus w e  have 
0 F 
Now i t  i s  t he  e l e c t r o n  w e  detect  and i t  LS t he  e l e c t r o n  which is 
i n  t h e  continuum (when 1 4  QO ).  To f i r s t  apprcxirnation i t s  wave 
f u n c t i o n  i s  a plane wave 
where g i s  its momentum, A more a c c u r a t e  appruximation, t o  t a k e  
account  of  the  in f luence  of  t he  e l e c t r i c  f i e l d  of t h e  p ro ton  i s  
t o  r e p l a c e  the  plane waves by a continuum wave f u n c t i o n  f o r  hydrogen, 
which, a t  la rge  d i s t a n c e s  from t h e  p ro ton ,  t akes  t h e  form of  a 
p lane  wave p lus  incoming s p h e r i c a l  wave. That i t  I S  i n c o a i n g  r a t h e r  
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t han  outgoing  i s  no doubt s u r p r i s i n g  b u t  we w i l l  not. pursue t h e  
matter f u r t h e r .  The p o i n t  w e  want to make i s  t h a t  i n  any case 
1 
T fO &,s) i s  p r o p o r t i o n a l  t o  -7 - 
Now as  w e  s a id  t h e  e l e c t r o n  which w e  detect ,  l i k e  t h e  photon 
i n  [39],is i n  t h e  continuum. To g e t  a formula t o  compare wi th  
experiment w e  proceed a s  we d i d  t h e r e .  We f i r s t  sum over a l l  f i n a l  
e l e c t r o n  s t a t e s .  This involves  - L3 3 S d q  ( t h e  d e r i v a t i o n  of 
(2fl)  
t h i s  p r e s c r i p t i o n  had noth ing  t o  do w i t h  photons or  quanta ,  only 
w i t h  p lane  waves and p e r i o d i c  boundary cond i t ions ) .  Wr i t ing  
=: m q 2 d f i  dEf  
P 
we can c a r r y  o u t  t he  i n t e g r a t i o n  over 
i d e n t i f y  the  in t eg rand  w i t h  a d i f f e r e n t , i a l  t r a n s i t i o n  p r o b a b i l i t y .  
E f  and then,  as before ,  
The p o i n t  we now want t o  emphasize (we w i l l  n o t  write down t h e  
d e t a i l e d  formulae) i s  t h a t  t h e  r e s u l t  i s  p r o p o r t i o n a l  t o  




[ 4 5 d  On the one hand, t h i s  i s  a s a t i s f y i n g  r e s u l t .  It means t h a t  
t h e r e  are no " t i m e  l i m i t a t i o n s "  on our formula,  no danger of 
t r a n s i t i o n  p r o b a b i l i t i e s  becoming g r e a t e r  than  one ( r e c a l l  L.31 ). 
The only  l i m i t a t i o n  on t h e  p e r t u r b a t i o n  theory  be ing  t h e  magnitude 
of V . On t h e  o the r  hand i t  does not  seem v e r y  i n t e r e s t i n g  
p hy s i ca 1 1 y , 
-
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To g e t  an i n t e r e s t i n g  r e s u l t ,  l e t  us note  t h a t  t h e  t r a n s i t i o n  
r a t e  r e a l l y  involves  tb70 f a c t o r s :  (i) The p r o b a b i l i t y  t h a t  t he  
photon w i l l  encounter t he  azom, ( i i )  The i n t r i n s i c  r a t e  a t  which a 
t r a n s i t i o n  w i l l  t hen  occur.  It is  the second f z c t o r  which i s  
i n t e r e s t i n g  and i t  1 s  t h e  f i r s t  which i s  s m a l l  because we have 
(unphysical ly)  descr ibed the  photon "beam" by a plsve 'cave i n  a box 
of vol.ume 1 L3 , t h e r e f o r e  t h e  photon d e n s t t y  fs fQ--+O . 
E3 
A q u a n t i t y  which i s  in sens i t i ve>  t o  the  de t a i l s  a €  t he  photon 
beam i s  the  d i f f e r e n t i a l  c ros s - sec t ion  
dF f fer e n t  i a l  t r a n s  i t i s n  P a te  
p r o b a b i l i t y  t h a t  a photon w i l l  cross u n i t  a r e a l s e c .  
d e  = 
and & r e p r e s e n t a t i v e  of t h e  phys ica l ly  i n t e r e s t i n g  second f a c t o r .  
The denominator, t h e  photon flux, can be c a l c u l a t e d  from t h e  Poyntfng 
vec to r  or  by t h e  fol lowing simple argument: The p x o b a b i l i t y  of 
c r o s s i n g  u n i t  a r e a / s e c  = p r o b a b i l i t y  t h a t  t he  photon is i n  a volume 
of u n i t  c r o s s - s e c t i o n  and a depth o f  one second times c = r a t i o  
of t h a t  volume t o  L = c /L3 . Thus, as expected, t h e  L3's do 
cance l  out  i n  d e  
3 
146.1 W e  have i n d i c a t e d  how t o  c a l c u l a t e  the p h o t o e l e c t r i c  e f f e c t  
due t o  one quantum. 
two quanta and, indeed, such e f f e c t s  have been observed us ing  lasers. 
Thus one might have 
One can also have an e f f e c t  i nvo lv ing  say 
49 
V2 i n  1st order  
+ 
+ V i n  2nd order  . 1 
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FOURTH LECTURE 
147.1 We now w i l l  d e r i v e  t h e  ( c l a s s i c a l )  Thomson Formula f o r  t h e  
s c a t t e r i n g  of l i g h t  by a charged p a r t i c l e .  Here 
\Ir, = (photon lc,s ) ( p a r t i c l e  a t  r e s t )  
/ 0  qF = (photon & ,s ) ( p a r t i c l e  w i t h  momentum CJ ). 
V2 
are concerned V1 
i s  t h e  same order  i n  charge as V2 - r e c a l l  1361) u s i n g  the  
formula quoted i n  [ 3 6 ]  e Here the  s t a t e s  F '  would involve e i t h e r  
can produce t b i s  p rocess  i n  1st o rde r .  As f a r  as t h e  photons 
can produce the p rocess  i n  second order  (which 
no quanta or two quanta  ( see  1481 below). However, because the  
p a r t i c l e  i s  i n i t i a l l y  a t  res t ,  and because V1 i nvo lves  t h e  
momentum ope ra to r ,  (F I V 1 I) i s  anyway zero.  Thus we a r e ' l e f t  1 
w i t h  t h e  c o n t r i b u t i o n  of v2 * 
The terms which can c o n t r i b u t e  are c l e a r l y  e i t h e r  t he  
* * or the  a a # I terms. Each y i e l d s  t h e  same 
k: s ' ~ & , s  - k , s  k J S  a 
e l e c t r o n i c  matrix element w i t h  the  m a t r i x  elements of a a / 0 
- * 
k,s k ,s 
equa l  t o  one. Thus we have * k', ~'~lc ,  s and a - 
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where & is tk wave f u n c t i o n  f o r  t h e  p a r t i c l e  a t  r e s t  and 
is  t h a t  f o r  t h e  p a r t i c l e  w i t h  momentum g . The 
& i . e .  a Kronecker 
(g/& + !6,k 
h eiq.x/d 
i n t e g r a l  i s  e a s i l y  done and y i e l d s  
d e l t a  expressing conse rva t ion  of niomentum. From now on, we 
w i l l  assume momentum conservat ion,  hence w e  may simply drop t h e  
Kronecker 6 
continuum which we can d e t e c t  i n  t h e  f i n a l  s t a t e .  However, t h e  
. For t h i s  p rocess  we have two p a r t i c l e s  i n  t h e  
conse rva t ion  of energy and momentum f i x  t h e  momentum (and energy) 
of one, given t h e  momentum of t h e  o t h e r .  Thus i f  we sum over one 
of them, we have a u t o m a t i c a l l y  summed over t h e  o t h e r .  
concen t r a t e  on the photon. 
L e t  us 
The conse rva t ion  laws determine q2 as a f u n c t i o n  of k' 
2 
2m 
(given IC). Hence, i f  w e  denote 4 + Aw'-Afo by , i n  
c a r r y i n g  out our sum over photons, p r i o r  t o  i d e n t i f y i n g  t h e  
d i f f e r e n t i a l  c r o s s - s e c t i o n ,  w e  must w r i t e  
4 
dk = k'2 dk' dRk, - 
so t h a t  we can c a r r y  out  t h e  
"Handling" t h e  6 f u n c t i o n  i s  
- 
I f  i n t e g r a t i o n  u s i n g  t h e  & - f u n c t i o n .  
t hus  a b i t  more complicated h e r e  
than  i t  was i n  our e a r l i e r  examples. 
However, l e t  us  conf ine  ou r se lves  t o  AfWk << mc2 . Then 
one r e a d i l y  shows, from t h e  conse rva t ion  laws t h a t  
2 q /2m i s  
5 2  
n e g l i g i b l e ,  i . e . ,  Wk* Wk@ . Omitting t h e  9, 2 then  t h e  
2m 
complicat ion j u s t  mentioned disappears  and we i n f e r ,  a f t e r  doing 
t h e  Wk4 i n t e g r a l  and d i v i d i n g  by t h e  i n c i d e n t  photon f l u x  t h a t  
t h e  d i f f e r e n t i a l  c r o s s - s e c t i o n  i s  
Note t h a t  t h i s  formula c o n t a i n s  no A . It  i s  e x a c t l y  t h e  c l a s s i c a l  
Thomson formula. 
148.1 As our f i n a l  s c a t t e r i n g  a p p l i c a t i o n  we cans ide r  t h e  s c a t t e r i n g  
of l i g h t  by an atom. Th i s  w i l l  lead t o  t h e  Kramers-Heisenberg 
d i s p e r s i o n  formula and t h e  Raman e f f e c t .  We are i n t e r e s t e d  i n  t h e  
fol lowing p rocess  : 
= E.+dUk ' EI J 't, = (photon k,s) (atom s t a t e  j )  
' ' 
= (photon & , s ) (atom s ta te  f ), EF = Ef  +hUk/ 'tF 
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* 
V2 can produce t h i s  i n  f i r s t  order  from e i t h e r  t h e  a / /a k , s  &,s * 
or t h e  a a 1 1 terms j u s t  as i n  L 4 7 3  , and each y i e l d s  t h e  
same e l e c t r o n i c  ma t r ix  element,  t h e  ma t r ix  elements of a 
a 
- k , s  k 9 s  
9, and k,  sa t ,  s‘ - * 
a g a i n  being u n i t y .  k‘, E!%, s 
V1 
- 
can produce t h i s  i n  second order  (which i s  the  same order  
i n  the  charge as V2 - r eca l l  c31’] ) t h e  p o s s i b l e  in t e rmed ia t e  
s t a t e s  i n  the  formula of L36’) being 
lfF’ - 
wi th  
- lfF/ - 
w i t h  
1 
(photon vacuum) (Atom i n  any s t a t e  f ) 
or EI - EF/ = E .  +h#k - E f /  -J 
(photon k,s photon k/ , s ‘  ) (atom i n  any s t a t e  f ’) 
EI - E f /  = E .  +a@, - E.( -40, -‘hMk/ 
J 
= E - E /  - auk 
j f  .. 
For t h e  f i r s t  type of i n t e rmed ia t e  s t a t e  we  have t h e  m a t r i x  elements 
while  f o r  t h e  second type, 
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Diagrammatical ly  ( r e c a l l  L371) w e  can r e p r e s e n t  t h e  f i r s t  p rocess  by 
and the  second by 
* 
Again t h e  ma2r.Fx elements  o f  the a and a are e q u a l  t o  one 
and we f i n d  f o r  M def ined  by 
the fo l lowing  formula: 
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Energy conse rva t ion  now impl i e s  
I f  Ef  = E 
Rayleigh s c a t t e r i n g .  
I f  Ef # E 
, we are d e a l i n g  w i t h  e l a s t i c  S c a t t e r i n g  - o f t e n  c a l l e d  
j 
, w e  have i n e l a s t i c  or Raman S c a t t e r i n g ,  
j 
A m i -  4 W k  e q u a l l i n g  some atomic energy d i f f e r e n c e .  
I f  E > E .  (atom o r i g i n a l l y  i n  i t s  ground state),  
f J  
W k O  < w while  i f  E < E .  (atom o r i g i n a l l y  i n  an  e x c i t e d  state) 
k f J  
d k '  > w k  
I n  t h e  by now we hope f a m i l i a r  fashion,  w e  can i n f e r  t h e  
formula for t he  d i f f e r e n t i a l  s c a t t e r i n g  c r o s s - s e c t i o n :  
L3 
We w i l l  no t  w r i t e  i t  aut: i n  a l l  d e t a i l .  
b9.1 We w i l l ,  however, make s e v e r a l  comments on t h e  formula. 
F i r s t  of a l l ,  i f  t he  d i p o l e  approximation is v a l i d  ( a l l  e x p o n e n t i a l s  
equa l  t o  u n i t y l t h e n  i t  becomes t h e  ea rne r s -He i senbe rg  formula 
( n i s  the number of e l e c t r o n s )  
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Note t h a t  i n  t h i s  approximation 
e l e c t r o n i c  c o o r d i n a t e s  and  t h e r e f o r e  con t r zbu te s  only  t o  e l a s t i c  
s c a t t e r i n g .  It i s  t h e  most important term i n  t h e  x-ray r e p i o n  
and y i e l d s  j u s t  
V z  
has  become independent of  t h e  
2 d 6 (Thomson) 
d s t L ,  
d @  = n 
d l P ,  
i . e .  a t  h igh  f r equenc ie s  t h e  b inding  ef t h e  e l e c t r o n s  i s  unimportant  
(hence t h e  f r e e  Thornson c r o s s - s e c t i o n )  but  t h e  e l e c t r o n s  do scat ter  
c o h e r e n t l y  (n  r a t h e r  t han  n 1 .  2 
Another p o i n t  i s  t h a t  if & &  is  equa l  t o  E J - E 
k f j 
I 
f o r  some f t h e  corresponding term i n  t h e  first sum i n  t h e  
formula f o r  M blows up whi le  i f  /ti = E f  - E f ’  f o r  some f 
r 
(coxperva t ion  of energy impl ies  E - 4 m  E I = E - “&k - Ef’ 4 kP- f € 
t h e  cor responding  term i n  t h e  second sum blows up - we have a 
r e sonance  and c l e a r l y  our formula i s  i n v a l i d  (Actua l ly  t h i s  i s  
the case on ly  i f  f is a d i s c r e t e  s t a t e .  For s ta tes  i n  t h e  
0 
5 7  
continuum, t h e  p e r t u r b a t i o n  procedure a u t o m a t i c a l l y  p rov ides  a 
p r e s c r i p t i o n  f o r  avoiding t h e  s i n g u l a r i t y )  - t h e  coupl inp has  g o t t e n  
t o o  s t r o n g  ( r e c a l l  remarks a t  beginning of 1453). 
can be found t o  d e a l  w i th  t h i s  s i t u a t i o n .  
However, methods 
L50.1 There is a c l o s e  connect ion between t h e  forward e l a s t i c  
s c a t t e r i n g  i n  t h e  d i p o l e  approximation and t h e  index of r e f r a c t i o n  
(Reca l l  t h a t  forward e l a s t i c  s c a t t e r i n g  from a number 
i s  always coherent  whatever t h e  motion of t h e  c e n t e r s  
o p t i c a l  path l eng th  i s  involved for  a l l  t h e  c e n t e r s :  
I 
of c e n t e r s  
s i n c e  t h e  same 
Hence i t  i s  no t  s u r p r i s i n g  t h a t  i t  i s  t h i s  s c a t t e r i n g  which i s  
involved i n  t h e  coherent  r e f r a c t i o n  phenomenon.)More p r e c i s e l y  one 
can show t h a t  i f  we write d 6  z ID1 
of r e f r a c t i o n  is  c l o s e  t o  u n i t y ,  t hen  
2 d - ( L k / ,  and i f  t h e  index 
- 
g&) index of r e f r a c t i o n  = 1 + 2n N 
k2 
where D(o)  is t h e  va lue  of D f o r  forward e l a s t i c  s c a t t e r i n g ,  
and where No i s  t h e  number of atoms p e r  u n i t  volume. S ince  we 
a l s o  have 
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index  of  r e f r a c t i o n  = 1 + 2fl N (Frequency dependent atomic p o l a r i z a b i l i t y )  
0 
it  a l s o  fo l lows  t h a t  ( a s  one can a l s o  show d i r e c t l y  by mgnipulat ion o f  
t h e  formula f o r  D ( 0 ) )  
Frequency dependent atomic p o l a r i z a b i l i t y  = D o .  
k2 
[51;1 Let  us  suppose t h a t  w e  were d e a l i n g  w i t h  n o t  one atom b u t  
two atoms. 
of  r e a c h i n g  t h e  same f i n a l  s t a t e ,  e i t h e r  by atom 1 s c a t t e r i n g  and 2 
be ing  una f fec t ed ,  o r  by atom 2 s c a t t e r i n g ,  and 1 being  una f fec t ed .  
Then i f  w e  cons ider  e l a s t i c  s c a t t e r i n g  t h e r e  are two ways 
N o w  i n  our  d i s c u s s i o n  involv ing  one atom we have, i m p l i c i t l y ,  
r e f e r r e d  e l e c t r o n i c  coord ina te s  t o  t h e  nuc leus  as an  o r i g i n .  
two atoms, suppose we use a n  a r b i t r a r y  o r i g i n .  Then it  i s  clear 
from our formula f o r  M , which i s  q u i t e  genera l ,  t h a t  w e  w i l l  
now have 
With 
where El and R are t h e  p o s i t i o n s  o f  t h e  n u c l e i  of atoms 1 and 2 
and where M1 i s  t h e  M of ( 4 3 )  c a l c u l a t e d  f o r  Atom 1 w i t h  
e l e c t r o n i c  c o o r d i n a t e s  r e f e r r e d  t o  i t s  nucleus,  and s i m i l a r l y  f o r  
S ince  dQ' i nvo lves  1 M I  we see t h a t ,  j u s t  a s  c l a s s i c a l l y ,  we 
w i l l  g e t  i n t e r f e r e n c e s  e f fec ts  . 
- 2  
M2 ' 
[52.] We now t u r n  from s c a t t e r i n g  problems t o  energy c o n s i d e r a t i o n s  - 
t h e  s h i f t s  i n  atomic enerRy l e v e l s  produced by V . Since,  however, 
t o  do the job r i g h t  one r e a l l y  needs r e l a t i v i s t i c  mechanics f o r  t h e  
e l e c t r o n s  ( t h e  Dirac equa t ion )  and indeed - even b e t t e r ,  t h e  quantum 
f i e l d  theory of e l e c t r o n s  and p o s i t r o n s  - we w i l l  merely i n d i c a t e  
t h e  r e s u l t s .  
Suppose w e  simply j u s t  r e p l a c e  t h e  n o n - r e l a t i v i s t i c  e l e c t r o n i c  
Hamiltonians f o r  each e l e c t r o n  by Dirac Hamiltonians.  I n  a d d i t i o n  
t o  being more c o r r e c t  p h y s i c a l l y  t h i s  a l s o  l eads  t o  a formal 
s i m p l i f i c a t i o n  - t h e r e  i s  no term which looks l i k e  V only a 
term l i k e  V l i n e a r  i n  t h e  vec to r  p o t e n t i a l  (and w i t h  p .  1 ’  -1 
r ep laced  by a Dirac Matr ix  d ) and given as a sum over t h e  -i 
p a r t i c l e s .  Let us write i t  as 
2 ’  
c 
where v involves  ai and c o n s t a n t s .  Diagrammatically,  i t  y i e l d s  -i 
Our unperturbed s t a t e  i s  
q1 = (photon vacuum) (atom i n  s t a t e  j ) 
and t h e  energy s h i f t  through second o rde r  i s  given by t h e  f a m i l i a r  
f o r  mu l a  
c 
60 
C l e a r l y  E(') = 0 s i n c e  the average va lue  of A vanishes  -i 
( r e c a l l  1 2 1 1 ) .  
s t a t e s  F fo r  which (F I V I I) i s  non zero  a r e  
The E(2 ) ,  however, does no t  v a n i s h ;  t h e  in t e rmed ia t e  
lJF = (any one photon k,s ) (atom i n  any s t a t e  f ) 
* 
w i t h  EI - EF = E j  - Ef - h W k  . 
c o n t r i b u t e  t o  (F \ V I I) and the Hermit ian conjugate  a p a r t  
t o  
The a p a r t s  of k, s 
11, s 
(I I V \ F ), and w e  can r e p r e s e n t  E ( 2 )  d iagrammatical ly  a s  
The sum over in t e rmed ia t e  s t a t e s  t hus  means a sum over f and over 
- k and s . Since  t h e  matrix elements of a Is, s and a 11, s 
u n i t y  we a r e  l e f t  w i th  ( l e t t i n g  
2% 
y i e l d  
L 3 em) 
61 
F i r s t  consider  t he  terms i = 1 which one can t h i n k  of as being 
produced by e l e c t r o n  i e m i t t i n g  and absorbing t h e  photon. One 
can show t h a t  they are i n f i n i t e .  
The terms i f  
produced by e l e c t r o n s  i and 4 exchanging one photon. Formally 
We r e t u r n  t o  t h i s  p o i n t  below. 
are f i n i t e  and one can t h i n k  of them as being 
one can write them as 
where t h e  b involve only e l e c t r o n i c  v a r i a b l e s  (we have " i n t e g r a t e d  
ou t  t h e  photons"). 
i l  
Thus it i s  as though the  photon exchange has 
produced an a d d i t i o n a l  i n t e r a c t i o n ,  , over and above t h e  
coulomb i n t e r a c t i o n ,  e between e l e c t r o n s  and we were 
2 
llri - E#[ 
c a l c u l a t i n g  i t s  e f f e c t s  u s ing  f i r s t  order  p e r t u r b a t i o n  theory.  
can be e x h i b i t e d  e x p l i c i t l y  as bil Under c e r t a i n  approximations 
the  famous B r e i t - I n t e r a c t i o n ,  which i n  t u r n  can be approximated by 
t h e  B r e i t - P a u l i  I n t e r a c t i o n .  
b3.1 Before t u r n i n g  t o  t h e  i n f i n i t e  terms i = I  , l e t  us remark 
t h a t  i n  a l l  our c a l c u l a t i o n s  of s c a t t e r i n g  p rocesses  w e  c a l c u l a t e d  
on ly  t o  the l o w e s t  nonvanishing order  i n  the  charpe,  i . e .  w e  used 
t h e  lowest order  o f  p e r t u r b a t i o n  theo ry  w e  could t o  g e t  t h e  e f f e c t .  
However, one can, of cour se  c a r r y  p e r t u r b a t i o n  theo ry  t o  a l l  o r d e r s  
i n  V . The r e s u l t s  a r e  most e a s i l y  expressed i n  terms of diagrams. 
. 
r 
6 2  
Consider, f o r  example, 
K a c o n t r i b u t i o n  
c o n t r i b u t i o n s  l i k e  
Thomson s c a t t e r i n g  aga in .  Then i n  a d d i t i o n  t o  
from V2 i n  f i r s t  order  t h e r e  are wp f 2 m u s i n g  V2 once and V1 twice 
i n  t h e  t h i r d  order  formula. . \  4tzf 
Another way of s t a t i n g  t h e  approximation we have made i s  t h a t ,  
except  i n  our d i s c u s s i o n  of energy s h i f t s ,  w e  have never introduced 
v i r t u a l  quanta,  i .e.  quanta  which do n o t  appear i n  e i t h e r  i n i t i a l  
or f i n a l  s ta tes  b u t  which are c rea t ed  and then destroyed i n  
in t e rmed ia t e  s ta tes .  I f  one does so, i . e .  i f  one a t t empt s  t o  
c a l c u l a t e  h ighe r  order  c o r r e c t i o n s  ("Radiative c o r r e c t i o n s " )  one 
always g e t s  divergences.  
Now i n  f a c t ,  t h e r e  i s  a way of hand l inp  t h e s e  divergences.  
Using a l l  t h e  machinery o f  t h e  Dirac equa t ion  and p o s i t r o n  theory,  
one can show t h a t  t h e r e  e x i s t  two ( i n f i n i t e )  c o n s t a n t s  gm and 
se , given as power s e r i e s  i n  t h e  f i n e  s t r u c t u r e  cons t an t  such 
t h a t ,  i f  one expres ses  t h e  d ive rgen t  formulas c o n s i s t e n t l y  ( i . e . ,  
t o  t h e  a p p r o p r i a t e  power of t h e  f i n e  s t r u c t u r e  c o n s t a n t )  i n  terms 
of mo z m + gm and e 4 e + &e r a t h e r  t han  i n  terms 
of m and e , then, a "miracle occurs":  These formulas become 
f i n i t e  f u n c t i o n s  of e and m . One may then  i d e n t i f y  t h e  l a t t e r  
w i t h  t h e  observed charge and mass, e and m be ing  t h e  "bare" 
charge and mass. 
r enorma l i za t ion ,  e and m o f t e n  be ing  c a l l e d  t h e  renormalized 
charge and mass, e and m t h e  unrenormalized charge and mass. 
0 
0 0 
This  procedure i s  c a l l e d  charge and mass 
0 0 
Though c l e a r l y  a b i t  susp ic ious  (some c a l l  i t  "ugly"), t h i s  
procedure has y i e lded  very impressive r e s u l t s .  
c o r r e c t i o n s  become small c o r r e c t i o n s  when expressed i n  terms of 
e and m . Also, f o r  example, t he  analogue of t he  i = I  terms 
mentioned ear l ie r  then  y i e l d  wi th  g r e a t  accuracy t h e  Lamb s h i f t s  
i n  hydrogen and Helium and t h e  anomalous mapnetic moment of t h e  
e l e c t r o n .  
The r a d i a t i v e  
0 0 
Before t h e  l a t t e r  e f f e c t s  had been v e r i f i e d  experimental ly ,  
around 1947, r a d i a t i v e  c o r r e c t i o n s  were almost u n i v e r s a l l y  ignored. 
However, some wise men warned t h a t  " j u s t  because they  are i n f i n i t e  
does not  mean t h a t  they are zero". They were r i g h t !  
THE END 
